Abstract. We list all the irreducible reduced and not degenerate normal projective varieties X ⊂ P N k of dimension n and degree five defined over an algebraically closed field k of char(k) = 0. In the smooth case, or when n = 2, we give also classification results for any algebraically closed field k of char(k) ≥ 0.
Introduction
Let X be an irreducible closed subvariety of degree d of the projective space P N k defined over an algebraically closed field k. [16] for d = 3 and H.P.F. Swinnerton-Dyer [15] for d = 4).
If d ≤ 4, then the list of all such varieties is known (see
Let now d = 5. If X is a smooth complex projective variety, then the classification is also known (see P. Ionescu [7] ). Furthermore, the classification of all complex normal surfaces was obtained by E. Halanay in [5] . Finally, we also mention here that the classification of all complex surfaces of degree 5 in P N C which are not contained in any hyperplane of P N C is known too (see, for example, G. Castelnuovo [2] and [3] , J.G. Semple and L. Roth [14, p. 218 ], M. Nagata [12] , A. Lanteri and M.
Palleschi [11] and C. Okonek [13] ).
The purpose of this note is to show that the results of [5] and [8] hold also in higher dimensions and in positive characteristic respectively. In doing so, we first use slight different techniques than those in [5] , obtaining a list of all varieties X ⊂ P N k of dimensions n ≥ 2 and degree 5 when essentially either char(k) = 0 and X is normal, or char(k) ≥ 0 and X is smooth or n = 2.
More precisely, in Section 3 we prove the following Theorem. Let X ⊂ P (1) n = 2 and (X, H) is a scroll over an elliptic curve;
(2) n ≤ 5 and (X, H) is a smooth scroll over P is linked to a linear space P ∼ = P n k by a complete intersection of type (2, 3) , i.e.,
is a cubic hypersurface and V 2 ⊂ P n+2 k is a quadric cone of rank r with 3 ≤ r ≤ 4; moreover, X is a Weil divisor on V 2 and one of the following possibilities can occurs:
where Cl(V 2 ) is the class group of V 2 and the P i 's are linear spaces P n k such that P 1 ≃ P ; furthermore, if X is smooth then n ≤ 3, and when n = 3 we have only the case (ii); (6) X is a quintic hypersurface of P n+1 k ; (7) (X, H) is a generalized cone over a variety V ⊂ X as in cases (1) to (4).
Finally, in Section 4 we deduce from the proof of the above Theorem some results which extend those in [5] and [8] to any algebraically closed field k of char(k) ≥ 0 (see Prop. 2 and Thm. 5).
Preliminaries
Let X be a projective normal subvariety of dimension n ≥ 2 of a projective space P ≃ P N k defined over an algebraically closed field k of characteristic zero such that
bijective. Denote by H the restriction of O P (1) to X. Without loss of generality, we can suppose that X is a not degenerate irreducible and reduced normal variety of P .
For basic definitions of the invariants degree H n , sectional genus g(X, H) and ∆-genus ∆(X, H) of a polarized variety (X, H) as above, we refer to [4, §I (2.0), (2.1), (2.2)].
Denote by d := deg(X) = H n . Throughout this note, we assume that d = 5.
Given two points p, q on a projective space P := P N k , we denote by p * q the line passing through p and q. For subvarieties V, W of P , V * W denotes the closure of the union of all the lines p * q with p ∈ V and q ∈ W . We define x * x = x and V * ∅ = V by convention. So, if p is a point of P , p * X is the cone over X with vertex p.
A point x on a subvariety X of P is called a vertex of X if x * X = X. The set of vertices of X is called the ridge of X, and is denoted by Rdg(X). The variety X is said to be conical if Rdg(X) = ∅.
By "generalized cone" we mean the following. Let A be an ample vector bundle on a curve C and First of all, note that X is smooth if n = 1. Thus by [4] and [7] , if n = 1 we deduce that X is one of the following curves: From now on suppose that n ≥ 2.
Having in mind that X is assumed to be not conical, if ∆ ≤ 1 then by [4, §I (5.10), (5.15), (6.9), (8.11) , §9] and [7] it follows that (X, H) is one of the following pairs:
, where ξ is the tautological line bundle and all the α i 's are positive integers such that α 1 + ... + α n = 5;
Thus ∆ = 2 and by (*) we obtain that N = n + 2. Furthermore, since X is not conical, if the sectional genus g := g(X, H) of the pair (X, H) is less than or equal to one, then from [4, §I (3.4); §III (18.21)] we know that (X, H) is a scroll over an elliptic curve. Hence X ∼ = P C (E) and
where E is an ample and spanned vector bundle of rank n over an elliptic curve C. Let π : X → C be the scroll map. By applying π * to the exact sequence
we obtain by [6, §III Ex.
where
, where E * is the dual of E. Thus the cohomology sequence of (**) gives
Thus it follows that ∆(X,
Now, we can assume that N = n + 2, ∆ = 2 and g ≥ 2.
Since g ≥ 2 = ∆, by [4, §I (3.5)] we see that g = ∆ = 2. In particular, X can be assumed to be not contained in any hyperplane of P n+2 k , i.e. not degenerate.
Take n − i general hyperplanes H j and put
and X n := X. Note that X 1 is a smooth curve, since X n is normal.
For any k = 2, ..., n, consider now the following exact sequences
By an induction argument, we deduce the following inequalities
Since g(X 1 ) = 2, deg O X1 (1) = 5 and h 1 (O X1 (m)) = 0 for m ≥ 1, by the Riemann-Roch Theorem we deduce that
Moreover, if I denotes the ideal sheaf of X in P n+2 k
, from the following exact sequences
it follows from (α) and (β) that
So by (♦) we conclude that
An element of that space is a form of degree 2, whose zero-set will be an hypersurface Q ⊂ P n+2 k of degree 2 containing X. It must be irreducible (and reduced), because X is irreducible and not degenerate. Moreover, X could not be contained in two distinct irreducible quadric surfaces Q, Q ′ , because then it would be contained in their intersection Q ∩ Q ′ which is a variety of degree 4, and that is impossible because deg X = 5. So we see that X is contained in a unique irreducible quadric hypersurface Q.
Furthermore, from (♦ ′ ) we deduce also that
The cubic forms in here consisting of the quadratic form above times a linear form, form a subspace of dimension n + 3. Hence there exists at least an irreducible cubic form in that space. So X is contained in an irreducible cubic hypersurface V 3 ⊂ P n+2 k
. Then X must be contained in the complete intersection Q ∩ V 3 , and since deg X = 5 and deg(Q ∩ V 3 ) = 6, this shows that X is linked to a linear space P := P n k by a complete intersection Q ∩ V 3 of type (2, 3) in P n+2 k .
Note that Q must be singular, since P ⊂ Q and n ≥ 2. Hence Q is a quadric cone. After a suitable linear change of variables, P is defined by x 0 = x 1 = 0 and Q can be brought into the form and H Q ≃ 2P . So we deduce that X + P ≃ 3H Q ≃ 6P , that is X ≃ 5P , where P ∼ = P n k is the linear space on Q which is linked to X by the complete intersection Q ∩ V 3 . Finally, in case (i) we have Cl(Q) ∼ = Z[P ] ⊕ Z[P ′ ], where
k is another linear space in Q not linearly equivalent to P . Therefore H Q ≃ P + P ′ and we can conclude in this case that X + P ≃ 3H Q ≃ 3P + 3P ′ , that is X ≃ 2P + 3P ′ .
Assume now that X is smooth. Since V 3 contains the linear space P : x 0 = x 1 = 0, we see that V 3 is described by an equation of type x 0 F + x 1 G = 0, where F, G are two homogeneous polynomials of degree two in the variables x 0 , ..., x n+2 . Furthermore, note that Sing(V 3 ) ∩ P is described by
e. a complete intersection V 2,2 of type (2, 2) on P ∼ = P n k , and that Sing(Q) ∩ P = Sing(Q) is either a linear space P n−2 k ⊂ P with equations x 0 = x 1 = x 2 = x 3 = 0 in case (i), or a linear space P n−1 k ⊂ P with equations x 0 = x 1 = x 2 = 0 in case (ii). Note that
Thus Sing(Q) ∩ Sing(V 3 ) = ∅ if dim Sing(Q) ≥ 2, i.e. if n ≥ 4 in case (i), and n ≥ 3 in case (ii).
Finally, let us show that if Sing(Q) ∩ Sing(V 3 ) = ∅, then Sing(X) = ∅. Let x ∈ Sing(Q) ∩ Sing(V 3 ).
, a contradiction. Hence x ∈ X. If x would be a smooth point for X, then T x X ∼ = P n k . This implies that x ∈ P ∩ X. Moreover, since dim(P ∩ X) = n − 1, we see that dim(P ∩ T x X) ≥ n − 1. This shows that
, a contradiction. Thus x ∈ Sing(X). 
Some cases in any characteristic
In this section, we extend to positive characteristic some special cases of the Theorem stated in the Introduction. In particular, let k be an algebraically closed field of char(k) ≥ 0.
First of all, let us note that in the case of normal surfaces we can obtain the following 
where Cl(V 2 ) is the class group of V 2 and the P i 's are linear spaces P 2 k such that P 1 = P ; (7) S is a quintic hypersurface of P On the other hand, when n ≥ 2 and X is a smooth variety, we get the following Proof. For n = 2 the statement holds by [10, (1.2) (2)]. Let n ≥ 3. Applying the induction hypothesis to X n−1 ∈ |H|, we see either (i) ∆(X n−1 , H n−1 ) = 1 and (X n−1 , H n−1 ) is a Del Pezzo manifold, or (ii) ∆(X n−1 , H n−1 ) = n − 1 and (X n−1 , H n−1 ) is a scroll over an elliptic curve, where Assume that (X n−1 , H n−1 ) is as in case (i). Then
From the exact sequence 
we deduce that
but this leads to the contradiction h 0 (H) > h 0 (H n−1 ).
So we can assume that (X n−1 , H n−1 ) is as in case (ii), i.e. (X n−1 , H n−1 ) is a scroll over an elliptic curve C. Consider a fiber F ∼ = P n−2 k of X n−1 → C. Thus we have
Hence K X + (n − 1)H cannot be nef and by [9, Theorem 1] we see that (X, H) is the projectivization of an ample vector bundle of rank n and H = ξ is its tautological line bundle. Note that the curve X is as in case (5) (2) and (3) of the statement. Finally, assume that g(S, H) ≥ 2 ≥ ∆. By [4, §I (3.5)] we obtain that g(S, H) = ∆ = 2. Since X is smooth, by arguing as in the proof of the Theorem, it follows that X is as in case (4) of the statement with n = 3.
